ASYMPTOTICS OF THE NERON HEIGHT PAIRING 

Cn ! DAVID HOLMES AND ROBIN DE JONG 

o 

*ivj ' Abstract. The aim of this paper is twofold. First, we study the asymptotics 

of the Neron height pairing between degree-zero divisors on a family of degen- 
erating compact Riemann surfaces parametrized by an algebraic curve. We 
j^ , show that if the monodromy is unipotent the leading term of the asymptotics 

^l^ 1 is controlled by the local non-archimedean Neron height pairing on the generic 

fiber of the family. Second, we prove a conjecture of R. Hain to the effect that 
the 'height jumping divisor' related to the normal function {2g — 2)x — K on 
the moduli space Mg,i of 1-pointed curves of genus 3 > 2 is effective. Both 
results follow from a study of the degeneration of the canonical metric on the 
Poincare bundle on a family of jacobian varieties. 
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1. Introduction 



The Neron height pairing is a canonical real-valued pairing between divisors 

D, E of degree zero and with disjoint support on a compact Riemann surface. The 

pairing can be defined by taking a real Green's function gjj for D, harmonic outside 

^ i the support of D, and evaluating gu on E. The Neron pairing goiE] is symmetric 

00 ' and bi-additive, and plays a prominent role in the arithmetic geometry of curves 

>0 \ over number fields where it serves as an archimedean contribution to the global 

canonical height pairing between points on the jacobian [12]. It is a special case of 

Arakelov's pairing [1] between divisors of arbitrary degree on a compact Riemann 

^r ' surface. 

In this paper we study the behavior of the Neron height pairing between generi- 
cally disjoint families of degree zero divisors on a family X ^)- S oi compact Riemann 
surfaces, where the base manifold S* is a complex algebraic curve. Write p for a 
point on 5, and let 5 be a smooth compactification of S. When the point p tends 
to a boundary point s of S' in 5", so that the fibers of the family X ^ S may 



H ■ degenerate, the function p i-^- go,, [Ep] on S typically acquires a singularity. One 

- -' would like to investigate the shape of this singularity as p tends to s. 

Let i be a local parameter around s on 5*, and assume that the local monodromy 
of the family X ^ S around the point s is unipotent. Then general Hodge theoretic 
results of R. Hain [13] and D. Lear [17] from the early 1990s and of G. Pearlstein 
[2T] from 2005 imply that the singularity of the function go [Ep] as p — >■ s is of a 
very simple type, namely go [Ep] ~ elog|i(p)| for some rational number e. Here 
the notation '^ means that the difference between both terms extends as a bounded 
continuous function over a small open disc in S containing s. The number e can be 
expressed in terms of the local monodromy and the weight filtration on a canonical 
variation of mixed Hodge structure Vp on S associated to the pair of divisors D, E 
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(cf. dH Theorem 5.19]). 

A first aim of this paper is to make these general results somewhat more explicit 
in the special case of families of curves. Note that the results of Hain, Lear and 
Pearlstein referred to above are set up in a much broader context, where the proper 
flat family X ^- S possibly has higher dimensional fibers, and the object of study 
is the asymptotics of the archimedean height pairing [4] [7] [11] [13] associated to 
two flat families of cycles over S, homologically trivial in each fiber. Restricting to 
families of curves gives us access to more specialized tools, such as Deligne pairing 
and determinant of cohomology 9^ , the existence of a fiat family of positive definite 
hermitian forms on the associated family of jacobian varieties, and the algebraic 
theory of Neron models [6; . 

Still assuming that the local monodromy of the family X —^ S around the point 
s is unipotent. Theorem 12. II of the present paper interprets the number e in terms 
of the intersection behavior of (extensions of) the divisors D, E on a, smooth com- 
pactification X of the complex surface X. More precisely, the coefficient e turns out 
to be equal to a variant {D, -E)a,s of the local intersection multiplicity of D, E at s, 
taking into account the fact that although £), E are generically of degree zero, they 
may fail to be of degree zero on each component of the special fiber of X above s. 

More precisely, the rational number {D,E)a^_s equals the local non- archimedean 
Neron pairing, with respect to the discrete valuation on the function field of S as- 
sociated to s, of the restrictions of D, E to the generic fiber oi X ^^ S, as defined in 
[l2] and [24]. Our asymptotic formula thus shows a remarkable compatibility be- 
tween the archimedean and non-archimedean Neron height pairings. In the special 
case where the special fiber of X at s has just one node, our formula is implied by 
[23[ Theorems 6.10 and 7.2], where asymptotics are derived for Arakelov's pairing 
(on not necessarily degree zero divisors). 

Let y be a complex manifold and consider a polarized variation of Hodge struc- 
ture U of weight —1 over Y . Let J7(U) — ;> y be the associated family of intermediate 
jacobians, and assume that a normal function section v.Y^f «^(U) of J'(U) — ?• Y 
is given. The second part of this paper deals with a canonical extension of a cer- 
tain metrized line bundle on Y associated to these data over a compactification Y 
of Y . As it turns out, the formation of this so-called 'Lear extension' (for which 
the basic source is Lear's PhD thesis [17]) is not usually compatible with pullback 
along morphisms T — >■ y. When T is a curve, with smooth compactification T, the 
'difference' that occurs can be viewed as a divisor supported on the boundary T\T 
of T, called the height jumping divisor. 

The phenomenon of height jumping is analyzed in detail in [5], [16) and [21j . 
In [TB] Hain conjectures that for a collection of examples where y is a moduli 
orbifold of smooth pointed curves, the height jumping divisor with respect to mor- 
phisms T ^f Y where T is a curve should always be effective. As is explained in 
[16| . the effectivity of the height jumping divisor in these examples has interesting 
ramifications for finding refined slope inequalities on moduli spaces of curves. 

Theorem 12 . 41 below implies that the height jumping divisor is indeed effective for 
the case (mentioned by Hain) where Y is the moduli orbifold A^g,i of 1-pointed 
curves of genus g > 2, the variation of Hodge structure U is the tautological one, 
and the normal function v is the section of the universal jacobian J7^(U) over A^g,i 
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given by sending a point [C, x] of Mg,i to the class of the degree-zero divisor 
(2g — 2)x — Kc- Here Kc is a canonical divisor on C. 

For the proof we will use our asymptotic analysis of the Neron height pairing, 
or rather its more intrinsic version Theorem 12.21 which describes how the Deligne 
pairing {D, E) of two degree-zero divisors D, E on S can be extended (up to taking 
a tensor power) over its smooth compactification S* as a continuously metrized 
line bundle. Another significant part of the proof deals with an analysis of the 
Green's functions induced by D,E on the semistable reduction graphs associated 
to the degenerate fibers of X over S. The non-archimedean pairing {D, i?)a.s can 
be conveniently expressed in terms of these Green's functions. 

2. Statement of the main results 

We now turn to a more precise formulation of our main results. Let S denote 
a smooth connected curve over the complex numbers C and let tt: X — > S" be 
a smooth proper morphism with connected one-dimensional fibers. Let D,E be 
divisors on X of relative degree zero. For general p £ S the restrictions Dp,Ep of 
D,E to the fiber Xp of n above p are divisors on Xp^ and for such p we consider 
a real Green's current go on the compact Riemann surface Xp associated to the 
divisor Dp. This gjj is a generalized function on Xp, solving the equation 

(2.1) ddgD,+mdD,^0. 

Note that this equation determines each g^ up to an additive real constant. For 
our purposes the choice of this constant will not matter. 

Assume that Ep has support disjoint from the support of Dp. We will write 
9Dp[Ep] as a shorthand for J^i'^idDpiQi)^ where Ep = J^i'^ili- '^^^ ^^^^ number 
9d [Ep] is the Neron height pairing between Dp and Ep. We will be interested in the 
asymptotic behavior of the function g^ [Ep] as p approaches the boundary of S in 
the complex topology. Let S denote a smooth compactification of S, and let X —!■ S 
be a proper flat morphism extending X ^ S. We will always make the following 
assumptions: (a) the surface X is smooth over C, and (b) each fiber of A" — >■ 5 is 
reduced, and has only ordinary double points as singularities. Assumption (b) may 
equivalently be phrased as saying that the monodromy around each of the points 
in the boundary of 5" in 5" is unipotent. 

From now on, let D, E be two divisors of relative degree zero on X. Let s be a 
closed point in S. By general properties of the intersection pairing on the special 
fibers oi X ^)- S, see e.g. [IHl Theorem 9.1.23], there exists a unique - up to 
adding Q-multiples of fibers - vertical Q-divisor (j>{D) on X such that D + <j>{D) has 
zero intersection product with all vertical divisors of A. Let (,)s denote the local 
intersection pairing on X over s. The local Neron height pairing of Z?, E relative 
to s is then defined to be the rational number 

{D, ^)a,. ^{D + (f){D), E + (j}{E))s = (D + <j)iD),E)s . 

It is straightforward to see that the local Neron height pairing relative to s is 
symmetric and bi-additive and depends only on the restrictions of D,E to the 
generic fiber of A — > S". The pairing coincides with S. Zhang's admissible pairing 
[21] restricted to degree zero divisors. 
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Theorem 2.1. Assume that the supports of D,E are generically disjoint. Let t be 
a uniformiser on S at s. Then the asymptotic relation 

gD,[Ep] ^ {D,E),^Aog\tip)\ 

holds as p -^ s in the complex topology on S . Here the notation ^ means that the 
difference between left and right hand side extends as a bounded continuous function 
over a small open disc in S centered at s. 

Our approach to proving Theorem 12.11 wih be to use the Dehgne pahing {D,E) 
between the divisors D, E on 5", to be discussed in Section!?] below. This is a C°°- 
hermitian hne bundle on S. We will derive Theorem 12.11 from the following, more 
intrinsic result. 

Theorem 2.2. Let {D, E) be Deligne's pairing on S associated to the restrictions of 
D,E to X. Let m,n be positive integers such that m(j){D) = (j){mD) and n(j){E) — 
cj){nE) are divisors with integral coefficients on X. Then the C°° -hermitian line 
bundle {D,E)®™^ = (mD,nE) has a unique extension as a continuous hermitian 
line bundle over S . The underlying line bundle of this extension is the Deligne 
pairing {mD + (j){mD), nE + (j){nE)) on S associated to the divisors mD + (l){niD) 
and nE + (j){nE) on X . 

As an application of this result, we prove a special case of a conjecture concerning 
'height jumping' formulated recently jlBj Section 14] by R. Hain. Let U denote 
a variation of polarized Hodge structure of weight —1 over a smooth connected 
complex algebraic variety Y. Let J'lV) — J> Y denote the corresponding intermediate 
jacobian fibration over Y. Denote by U the variation of Hodge structure dual to 
U. Then as explained in e.g. [131 Section 3] or [16l Section 6] the torus fibration 
J^{V) xy J7(U) over Y carries a natural Poincare (biextension) line bundle B, which 
comes equipped with a canonical C°°-hermitian metric. This metric has, among 
others, the following properties: its first Chern form is translation-invariant in all 
fibers of J'(U) Xy ^7(11) over Y, and its pullback along the zero-section is trivial. 

The polarization of U gives rise to an isogeny A : J'(U) -^ J'(U) over Y; we denote 
by B the pullback of the line bundle B along the map J{V) -^ J'(U) Xy J'(CJ) over 

Y given by (id. A). Note that by pullback B becomes equipped with a canonical 
C°°-hermitian metric. Let v. Y —>■ J'{V) be a normal function section, and consider 
the C°°-hermitian line bundle C = iy*B on Y. A natural question is whether £, or 
at least some tensor power of £, can be extended as a continuous hermitian line 
bundle over a compactification of y. A positive answer to this question has been 
given by D. Lear [17], see [161 Corollary 6.2] for the formulation below. 

Theorem 2.3. (D. Lear) Let Y be a smooth compactification ofY such that A — 

Y — Y is a normal crossings divisor. Then there exists a positive integer n such that 
the hermitian line bundle £®" extends as a line bundle with continuous hermitian 
metric over Y \ A'''"s_ /^ particular, as codim^A^'"^ > 2, the underlying line 
bundle C^^^ has a canonical extension as a line bundle over Y . 

For the sake of exposition we will usually assume that C itself extends (otherwise 
replace £ by a high enough tensor power), and we will denote the resulting 'Lear 
extension' over Y by Cy- Now let S denote a smooth connected complex algebraic 
curve, and let /: S* -> F be a morphism. The data J{V), B, v and hence L pull 
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back to S along /. Let S denote a smooth compactification of S, and let / : S ^)- Y 
extend /. 

As R. Hain notes in [16', Section 14] , perhaps surprisingly the formation of the 
Lear extension is not always compatible with pullback along /. More precisely, let 
/ Cy be the pullback of the Lear extension of C over Y along /, and let (/*£)g- be 
the Lear extension of f*C over S. The 'difference' / £y (8) (/*>C)^~^ is canonically 
trivial over S, and hence can be written, up to isomorphism, as 0-g{J) for a canon- 
ical divisor J - called the jumping divisor - on 5* supported on the boundary divisor 
S\S. Note that by the uniqueness of the Lear extension the height jumping divisor 
is trivial over f (Y \ A^'"^)^ Thus, any non-trivial height jumping is 'caused' by 
the singularities of the boundary divisor in Y. 

Let Aig^n denote the moduli orbifold of smooth proper connected n-pointed com- 
plex curves of genus g > 1. Let U be the natural polarised variation of Hodge struc- 
ture on M-g^n whose fiber at [C, (xi, . . . , a:„)] is Hi(C, Z). Note that J'{V) is then the 
pullback to A^g,n of the universal jacobian over Mg- In [161 Section 14] Hain conjec- 
tures that the height jumping divisor should be effective in the following two cases: 
(a) the inclusion Y C Y is the Delignc-Mumford compactification Mg^i C Mg.i 
{g > 2), and the normal function on J^g.i is the function K.: AAg.i — > J'(U) given 
by sending [C, x] e Mgs to the point [Jac(C), {2g - 2)[x\ - Kc] £ J(U), where Kc 
is the canonical divisor class on C; (b) the inclusion Y C Y is the Deligne-Mumford 
compactification A4g C Aig (g > 3), and the normal function on Aig is the normal 
function v. Aig —5- J'{A^U) associated to the Ceresa cycle C — C^ in the jacobian 
of [C] e Mg. 

Our next result implies Hain's conjecture for case (a). 

Theorem 2.4. Let g > 2, n > 1 be integers. Let d — {di, . . . ,dn) be an n- 
tuple of integers and m be an integer such that ^^ di = {2g — 2)m. Let S denote a 
smooth connected complex curve with smooth compactification S. Let f : S ^>- M-g,n 
be a morphism, and assume that the restriction f of f to S has image contained 
in Atg^n- Then the height jumping divisor on S with respect to f : S —> Adg^n 
and the normal function Fd'. Aig^n — > J'(U) given by sending [C, {xi, . . . ,x„)] to 
[Jac{C),Yl,idi[xi] -mKc], is effective. 



Our proof uses Theorem l2.2l as well as an interpretation of the non-archimedean 
Neron height pairing in terms of Green's functions and effective resistance on the 
reduction graph F of a semistable curve. The fact that the Green's function on the 
set of divisors of degree zero on F is positive definite (see Proposition 17.31 below) 
will be tantamount to the required effectivity of the height jumping divisor. 

We note that a result of Hain [14i Theorem 12.3] implies that for g > 3,n > 1, 
each normal function section of J'{U) — )> Aig^n is of the form 






Fd-. [C,{xi,...,Xn)] ^ [3ac{C),y di[xi] - mK, 






for suitable (di, . . . , d„), m. 

The organisation of this paper is as follows. In Sections |3] and U] we state some 
preliminaries regarding Poincare line bundles on jacobian fibrations, and Deligne 
pairings. In Section [5] we prove Theorem 12. 2| and Theorem 12.11 is derived from 
Theorem 12.21 in Section [H Section [7] discusses the connection between the local 
non-archimedean Neron height pairing and the Green's function on the reduction 
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graph. In Section \8\ we then prove Theorem 12.41 FinaUy, as a by-product of our 
method, we present in Section [9] an ahernative derivation of Hain's expression [16[ 
Theorem 11.5] for the Lear extension oi C = F^B from A1g.„ over Aig.n- 

3. POINCARE LINE BUNDLE 

The purpose of this section is to recah a number of facts regarding the Poincare 
Une bundle for jacobian fibrations. Our basic references are [5] and [19]. 

Let T be a complex torus and let T be the dual torus classifying flat line bundles 
on T. Let e be the origin on T. The Poincare bundle B is the universal line bundle 
on T X T, uniquely determined up to isomorphism by the following properties: 
(a) we have B\tx{c} — ^ for ^U -C G T, and (b) B\r^^^f is trivial. Assume that 
T = V/L where V^ is a finite dimensional C- vector space and L a lattice in V. There 
is then a natural isomorphism T — > V/L of complex tori where V is the space of 
C-antilinear forms on V and L = {I ^ V : 1{L) C Z}. Under these identifications 
the Riemann form of the line bundle B is given by ((u, u'), {v, v')) i— >■ v'{u) + u'(v) 
(cf. [51 Proof of Theorem 2.5.1]). Hence we obtain: 

Proposition 3.1. Let H{u,v): V x V -!• C be a hermitian form on V and let 
X: T ^ T be a morphism of tori induced by the map V ^ V given by u t-^ H{u, —). 
Write B\ for the line bundle (id, X)*B on T x T. Then the Riemann form of Bx is 
equal to 2H{u, v). 

Our next goal is to explain that the Poincare bundle is endowed with a canonical 
hermitian metric. We start with an arbitrary line bundle C on the complex torus 
T. We call a C°°-hermitian metric || • || on /^ an admissible metric if the first Chern 
form of (C, II • II) is a translation-invariant (1, l)-form on T. 

Proposition 3.2. The set of admissible metrics on C is a non-empty R>o-iorsor. 
Assume that a rigidification p: e* C — > C of C is given. Then there exists a unique 
admissible metric on C such that p is an isometry. Here C is endowed with its 
standard euclidean metric. 

Proof. For the first statement we refer to jl£, Section 3]. The second statement is 
an immediate consequence. D 

Let q: V ^ T — V/L be the projection map. Then note that q*C is a trivial 
line bundle. Let H be the Riemann form of £, and assume that a rigidification 
p: e*C ^ C of £ is given. The existence of canonical factors of automorphy [5l 
Section 2.3] implies that there exists a unique trivialization ^p: q* C — > V. x V 
compatible with p such that for all local sections cr of £ the function cj) = i'iQ*'^) 
satisfies the functional equation 

4,{v + l)= exp(7rK7J(w, I) + t:H{1, l)/2)(j){v) 

for all I G L. We call such a trivialization a canonical trivialization. The next 
proposition makes the contents of Proposition 13.21 more explicit, using these data. 

Proposition 3.3. Let a be a local generating section of C around a point w on T, 
and let V Cz V be a lift of w. Then the assignment 

\\a\\{w) — |V'(<Z*cr)|(w) exp(— 7riy(w, w)/2) 

defines an admissible metric on C For this admissible metric one has that p is an 
isometry. 
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Proof. Write f{v) = exp(— 7ri/(w, w)/2). Then note that 

f{v + /) = exp(-7rSRi7(w, - 7riJ(/, l)/2)f{v) 

for all I E L. Combining with the functional equation relating (j){v -\- 1) and (l){v) it 
follows that the assignment ||tT||(w) = 0(w)/(w) is well-defined. A small calculation 
shows that the curvature form of C with respect to the metric || • || is translation- 
invariant. Finally it is straightforward to verify that the admissible metric on C 
just constructed does turn p into an isometry. D 

The explicit formula from Proposition 13.31 shows that one can fiberwise patch 
together admissible metrics to obtain C°°-hermitian metrics on families of tori. 
More precisely, let F be a smooth connected complex algebraic variety and let 
T ^ Y he a family of complex tori over Y. Let £ be a line bundle on T. Let 
e : F — >■ 7" be the zero section oi T —> Y and assume that a rigidification along 
the zero section e*C ^ Oy is given. Then there exists a canonical C°°-hermitian 
metric on C which is admissible on each of the fibers oi T ^ Y and for which the 
given rigidification is an isometry. In particular, as Poincare bundles are canonically 
rigidified we obtain the following. 

Proposition 3.4. Let T ^ Y be the torus fibration dual to T —> Y, and let B 
be the Poincare bundle on the fiber product T 'Xy T- Then B carries a canonical 
C°° -hermitian metric. This canonical metric has the following two properties: (a) 
its first Chern form is translation-invariant in each of the fibers of T y.y T ^ Y , 
and (b) the canonical rigidification of B along the zero section is an isometry. 



We will later use Proposition 13.31 to explicitly describe the canonical metric on 
the Poincare bundle. An alternative description of the canonical metric is given in 
[H Section 7]. 

Now lei p: Z -^ F be a smooth proper morphism with connected fibers of 
dimension one. Let J^ -^ Y he the jacobian fibration associated to the morphism 
Z ^ Y . Denote hy J ^ Y the corresponding family of dual varieties. We have 
by [ini Section 2.6] a canonical principal polarization \: J ^ J . Let B he the 
Poincare bundle on J" xy jf, and denote by B\ the C°°-hermitian rigidified line 
bundle (id,A)*S on J xy J. 

Let (£,7W) be a pair of line bundles of relative degree zero on Z ^ Y. They 
naturally give rise to a normal function section v. Y —^ J ^y J hy computing 
fiberwise the classes of £ resp. M. in the jacobian. Next, for any line bundle C of 
relative degree zero on F, we denote by det Rp*(£) the determinant of cohomology 
[5] of £ along p. This is a line bundle on Y . 

Proposition 3.5. The tensor product 

det Rp*(£ ® M)®-^ ® det Rp,(£) ® det Rp,(X) ® det Rp,(0)®-i 

is equipped with a canonical C°° -hermitian metric. Further, there exists a canonical 
isomorphism of line bundles 

v*Bx ^ det Rp,(£ ® M)®'^ ® det Rp,(£) ® det Rp*(M) ® det Rp,(0)®-i 

on Y which is an isometry for the canonical metrics on left and right hand side. 

Proof. Let X be a compact Riemann surface of positive genus g. jl91 Theoreme 
4.13 and Remarque 4.13.1(b)] imply the existence, for each line bundle £ of de- 
gree zero on X equipped with a hermitian metric ]| • ]] with vanishing first Chern 
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form, of a canonical metric on the tensor product of determinants of cohomology 
detRr(X,/:) ® detRr(X,Ox)®"^ Changing the metric || • || on £ to a met- 
ric a\\ ■ II for some a € R>o wih change the canonical metric on detRr(X, £) 
det Rr(X, Ox)®"^ by a factor a^'-^^ = a^'O . It follows that for flat hermitian line 
bundles £, M., the tensor product of determinants of cohomology 

det Rr(£ ® M)®-^ ® det Rr(£) ® det Rr(A^) ® det Rr(0)®-i 

is equipped with a canonical hermitian metric independent of the flat metrics chosen 
on £, AA. Let B\ on JxJ be the puUback along (id, A) of the Poincare bundle on Jx 
J where J is the jacobian of X, and A : J — > J the canonical principal polarisation. 
Then 19, Corollaire 4.14.1] asserts that there exists a canonical isomorphism 

(£, MfBx ^ det Rr(/: eg) M)'®-^ ® det Rr(/:) ® det Rr(M) ® det Rr(C')®"^ 

of C-vector spaces which is an isometry for the canonical metrics on left and right 
hand side. Letting X vary in the family Z ^ Y we obtain the isometry from the 
proposition. As the metric on the left hand side varies in a C°° way, so does the 
canonical metric on the right hand side. D 

Now assume that dim(y) — 1, and let y be a smooth compactification of Y . 
Let Z — > y be a proper flat morphism extending Z ^ Y , and assume that (a) Z 
is smooth and (b) the fibers of Z ~^ Y are reduced and have only ordinary double 
points as singularities. Let J ^ Y he the identity component of the Neron model 
oiJ^Y over F. 

Proposition 3.6. There exists a unique (up to isomorphism) rigidified line bundle 
B\ on J Xy J extending the rigidified line bundle B\ on J Xy J . 

Proof. See [191 Proposition 2.8.2]. D 

Now let L^M. be two line bundles on Z, of degree zero on each irreducible 
component of each fiber oi Z ^Y . By a result of Raynaud [B] Theorem 9.7.1] one 
has a natural isomorphism between J and the identity component Pic''(Z/y) of 
the Picard scheme of Z jY . Thus, by computing fiberwise the classes of £ resp. 
M. in Pic''(Z/y) we obtain a natural normal function section v:Y^J Xy J 
extending the normal function v. Y ^ J Xy J associated to the restrictions of £, 
M\.Q Z ^Y. 

Proposition 3.7. We have a canonical isomorphism, 

v*Bx A det Rp,(/: ® M)®-^ ® detRp^r) ® detRp,(X) ® detKp^{0)®-^ 

of line bundles on Y extending the isomorphism from Proposition \3.5\ on Y . 

Proof See [H Corohaire 2.8.5]. D 

4. Deligne pairing 

In this section we recall Deligne's pairing and its connection with the Poincare 
line bundle. References for this section are [2j Section XIII. 5] and [9j Section 6]. As 
in the previous section let K be a smooth connected complex algebraic variety and 
let p: Z — >■ y be a smooth proper morphism with connected fibers of dimension 
one. Let £, 7W be two line bundles on Z. Then to these data one has canonically 
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associated a line bundle (£, M) on Y, as follows: local generators are symbols {I, m), 
where I, m are local generating sections of £, 7W. The relations to be satisfied are 

(/, /to) = /[div I] ■ {I, m) , {fl, to) = /[div m] • (/, m) 

for all local regular functions /. We call {jC,M) the Deligne pairing of £,M. It 
is straightforward to verify that for line bundles £i, £21 -^1, -^2, C, Ai on X we 
have canonical isomorphisms 

{Ci®C2,M) ^{Ci,M)®{C2,M), {C,Mi®M2) ^ {C, Mi) ® {C, M2) . 

and (£, A^) — > {A4,C). An isomorphism £1 — > C2 induces a natural isomorphism 
{Ci,A4) -^ {C2,M)- Moreover, the formation of the Deligne pairing commutes 
with arbitrary base change. 

Now assume C, M. are equipped with C°°-hermitian metrics. Then we can put 
a natural hermitian structure || • || on {C,A4) by requiring (cf. [9, Section 6.3]) 

(4.1) log||(?,TO)|l= / f— log||Z||Vlog||TO||+log|j/||[divm]+log||m||[divZ] 

for local generating sections I resp. to, with disjoint supports, where the dd is taken 
in the sense of distributions. It turns out that || • || is a C°°-hermitian metric on 
{C,Ai), and each of the above canonical isomorphisms is isometric. 

We are in particular interested in the case £ — Oz{D), -M = Oz{E) where _D, E 
are divisors on Z of relative degree zero. Then we write {D,E) as a shorthand for 
{Oz{D),Oz{E)). Let Id resp. 1e denote the canonical meromorphic sections of 
Oz{D) resp. Oz{E). They give rise to a canonical meromorphic section {lu, 1e) 
of the Deligne pairing {D, E). 

We can put a natural C°°-hermitian structure on Oz{D) and Oz{E) as follows. 
Let g be the genus of the fibers of p: Z ^Y. Let F be the vector bundle p*fi^,y 
of rank g on.Y . Note first of all that the flat intersection form on the local system 
R^p*Zz(l) of weight —1 extends to a flat non-degenerate M- bilinear alternating 
pairing E on the dual bundle J^^. Let H: {v,w) i->- E{iv,w) + iE{v,w) be the 
corresponding hermitian form; then H is well known to be positive definite. 

Let _ff* be the induced hermitian form on 7^ (given by -ff* (a;, a;') — \ j^.yijjAuj'). 

Let (oji, . . . , ujg) be a local holomorphic frame of F, and let B be the matrix of H* 

with respect to this frame. We then have a canonical (1, l)-form /z on Z by putting 

locally 

g 

which is independent of the chosen frame. On each fiber of Z — > y, the form /j, 
restricts to the canonical ( Arakelov) volume form [19l Section 3] [23l Section 2] . 

Now using ^ one has a natural way of normalizing the Green's function g^ 
associated to the restriction Dp of D to Zp by requiring that 



(4.2) / gz3 M = 

Jz/Y 

identically on Y . Assume the Green's functions go are normalised this way. The 
line bundles OxiD), Ox{E) then have a canonical C°°-hermitian structure, given 
by putting log UlulKg) = gOpig) for q € Zp outside the support of Dp, and likewise 
log ||l£;||(q) = gEp{q) for q £ Zp outside the support of Ep. 
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The resulting hermitian structure on {D,E) can be characterised as foUows. 
Assume D, E have generically disjoint support. Let y be a non-empty open subset 
of Y such that Dp,Ep are divisors with disjoint support on Xp for each p d V. 
Then the restriction of {Id, Ib) to F is a generating section of {D,E) over V. By 
equations (|2.ip and (|4.2p . the metric (I4.ip on {D,E) is just given by the formula 

(4.3) \0g\\{lD,lE)\\=gDAEp] 

for p G V. That is, we have a natural interpretation of the Neron height pairing as 
the log norm of a canonical section in a suitable Deligne pairing on Y. 

As in Section |3] let detRp*(£) denote the determinant of cohomology of C 
along p. Recall from Proposition 13.51 that the tensor product 

det Rp^C (K) X)®-i «) detRp^iC) (g) detRp^{M) ® det Rp,(0)®~^ 

is equipped with a canonical C°°-hermitian metric. The metrized version of the 
Riemann-Roch theorem proven in [SJ Theoreme 11.4] now implies the following 
result. 

Proposition 4.1. There exists a canonical isomorphism of line bundles 

(4.4) (CM) ^detRp4mM)metRp4C)'^-^metRp4M)'^-^metRp40) 

on Y . This isomorphism becomes an isometry upon equipping left and right hand 
side with their canonical metrics. 

Let J" — > F be the jacobian fibration associated to the morphism Z — > F, let B 
be the Poincare bundle on J7 x y JT", let A : J' ^ J7 be the canonical polarization, 
and write Bx for the C°°-hermitian rigidified line bundle (id, A)*i3 on J Xy J- 
Consider again a pair C, M. of line bundles of relative degree zero on Z — > F. Let 
v. Y ^f J Xy J \i& the normal function section given by computing fiberwise the 
classes of H resp. A^ in the jacobian. 

Corollary 4.2. There exists a canonical isomorphism of line bundles 

(4.5) {C,M)^-^ ^i^*Bx 

on Y . This isomorphism becomes an isometry upon equipping left and right hand 
side with their canonical metrics. 

Proof. This follows immediately upon combining Propositions 13.51 and BTTl D 

Finally, let y be a smooth compactification of Y. Let Z —>■ Y he a proper flat 
morphism extending Z ^ Y, and assume as before that (a) Z is smooth and (b) the 
fibers oi Z ^ Y are reduced and have only ordinary double points as singularities. 
Let C, A4 be two line bundles on Z. The construction outlined above of the Deligne 
pairing of £, A4 as a line bundle using generators and relations carries over to the 
present situation ^ Section XIIL5] and yields a line bundle (£, A^) on Y. Likewise, 
one has the determinant of cohomology detRp^C which is a line bundle on Y. 

Assume that dim(y) = 1. Let J' -^ Y he the identity component of the Neron 
model of the jacobian fibration J" -^Y over Y. Let B\ he the unique rigidified line 
bundle on J Xy J extending the line bundle Bx on J Xy J', whose existence is 
guaranteed by Proposition 13.61 

Assume that both C and A4 are of degree zero on each irreducible component of 
each fiber oi Z ^ Y. Let 77: J' XyJ' be the normal function extending the normal 
function v : Y -^ J' xy J associated to the restrictions oi C, M to Z -^ Y, as 
discussed in the previous section. 
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Proposition 4.3. There exists a canonical isomorphism of line bundles 

on Y , extending the isomorphism from \4-5^ on Y . 

Proof. According to 2, Theorem XIII. 5. 8] we have a canonical isomorphism 
{C,M) ^dctRp4C(g>M)(E>detRp4C)'^-^(E>detRp^{M)'^-^®detRp40) 



of Hne bundles on Y extending the isomorphism (j4.4p on Y . The proposition follows 
by applying Proposition 13. 71 D 

In the next section we will prove that the rigidified line bundle B\ can be 
equipped with a continuous hermitian metric extending the canonical metric on 
Bx. Theorem 12.21 follows from this combined with Proposition 14.31 

5. Proof of Theorem 12.21 

We resume the notation from Section[5J Thus S" is a smooth connected curve over 
C with smooth compactification S, n: X —> S is a proper smooth morphism with 
connected one-dimensional fibers, and X ^^ S* is a proper flat morphism extending 
X ^' S. We assume that (a) X is a smooth surface, and (b) the fibers oi X ~> S 
are reduced and have only ordinary double points as singularities. 

Let J ^ S with zero section e: S* — > J he the jacobian fibration associated 
to X ^- S, and lei f : J ^f S he the identity component of the Neron model of 
J ^ S over S. Let B he the Poincare bundle on Jxs J, equipped with its canonical 
metric and its canonical rigidification along e (cf. Section[3|). Let A: J^ ^ J he the 
canonical principal polarization, and write B\ for the C°°-hermitian rigidified line 
bundle {id,X)*B on J Xg JT". Let T = TT^Ql^.g. As discussed in Section m the fiat 
intersection form on R^7r*Zx(l) gives rise to a fiat non-degenerate hermitian form 
H on J^^. Note that the latter is canonically isomorphic with Lie{J'/S). It turns 
out that the canonical polarization A : J^ — > J is induced by H . From Proposition 
13. II we then obtain that the Riemann form of Sa on ^7 x^ J^ is given by 2iJ. 

Let J ^ She the identity component of the Neron model oi J ^ S over S and 
let B\ he the unique rigidified line bundle on J x-g J extending B\ on J Xs J 
(cf. Proposition 13. 6p . We will derive Theorem [2.21 from the following result. The 
result is a special case of |17l Proposition 6.1], which unfortunately has not been 
published. We would like to give an alternative proof using the concepts introduced 
above. 

Theorem 5.1. There exists a continuous hermitian metric on B\ that extends the 
canonical admissible metric on B\. 

Proof. Note that \j\e{J/S) is a complex vector bundle of rank g over S. Next 
recall that we have a canonical isomorphism F"^ ^ \Ae{J / S) of vector bundles 
over S. Let s be a closed point of S. By [lOl p. 31] there exists an analytic open 
neighborhood U oi s with t/\{s} contained in S such that the following holds: there 
exists a maximal isotropic subset (6i, . ■ . ,bg) of R^7rH.Zx(l) over U \ {s}, such that 
the images of (&i, . . . , bg) in Lie(J'/S') (which we will continue to denote by the same 
symbols) extend to a local frame of Lie(J^/S') over U. Over U \ {s} we can extend 
(6i, . . . , bg) to a symplectic basis (oi, . . . , Og, 5i, . . . ,bg) of R^7r*Zx(l). Let Tjk he 
the (multi-valued) holomorphic functions over U \ {s} such that Uj — X]fc=i Tjfe^fe 
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for all J = 1, ... ,5. Let Tig be the Siegel upper half space consisting of symmetric 
complex g-hy-g matrices with positive definite imaginary part. Then the assignment 
p I— > t{p) yields the local (multi-valued) period map U \ {s} — >■ Hg oi J ^)- S. 
Let C^ X U ^ Lie(J' [//[/) be the local trivialization of Lie(j7'/S') induced by 
(bi, ..., bg). As H{hkM) = E{ibk,bi) + iE{bk, be) = E{ibk,bi) and 

9 

Sji = E{a,,bi) = ^(Kr,fe^(6fc, 6,) + ^r,kE{ibk, be)) = 
fc=i 



k=l 



'^TjkE{ibk,be) 



we find H{bk,be) ~ (Sr)^/ and hence on C^ x ([/ \ {s}) the canonical hermitian 
form is given explicitly by (m, v;p) 1— >■ *w(St(p))~^u for m, u G C^ and p G C/ \ {s}. 
Let cr be a local generating section of the line bundle Bx over an open subset 
V oi J Xg J projecting into U. Let gi : C^ x t/ — > Ju be the projection map 
obtained by composing the exponential map exp: Li[e{J'u/U) — > Ju with the 
local trivialization C^ xU ^ Ue(Ju/U), and let q: C^ xC^ xU ~^Ju XuJu ^e 
the resulting local uniformisation of J' x^J'. LetV': q*Bx ^ CxC^ xC^ x{U\{s}) 
be a canonical trivialization over U \ {s}. As B\ is rigidified along the origin, this 
trivialization extends to a trivialization tp: q*B\ ^ C x C^ x C^ x C/. Recall that 
the Riemann form of B\ is given by 2H. Applying Proposition 13. 3[ we find the 
explicit formula 

\\a\\{q{u,v;p)) = \ip{q*cr)\{u,v;p)exp{-2TT ^-^ — ) 

= \tp{q*(T)\{u, v;p) exp{—TT*u{'^T{p))^^v) 

for the canonical norm of cr, where {u, u) e C^ x C^ and p runs through C/\ {s}, such 
that q(u,v;p) lies in V. As a is generating over V, we find that \ip(q*(7)\{u,v;p) 
extends as a non- vanishing continuous function over q~^V. Finally, as by assump- 
tion the local monodromy around s is unipotent, by [20 1 Lemma 2.3] there exist 
a positive semi-definite integral matrix A G Mg^g{Z) and a holomorphic function 
B: U -^ Mg^g{C) such that 

■^b) = TT- log tip) +E for all peU\{s}, 

where t is a local coordinate on S around s. This implies that also the exponential 
factor exp(— 7r*u(3r(p))~^u) extends as a non-vanishing continuous function over 
q~^V. Hence \\a\\ extends as a non-vanishing continuous function over V. D 

Remark 5.1. The shape of the exponential factor ^ exp(c/log |i|) indicates that in 
general, the canonical metric on Bx does not extend in a C°° manner over Bx- 



Proof of Theorem \2.SX The choice of the integers ?n, n implies that the sections 
/ii , /12 oi J — > S given by /ii = [inD] , ^2 — [nE] extend as sections /2i , /22 of 
J -^ S. Indeed, recall that we have J ^ Pic {X / S) by Raynaud's theorem, so 
that /Ui = [mD -\- <f>{mD)\ and /22 = [nE -f <f>{nE)\ can be written. 
By Proposition 14 . 2 1 we have a canonical isometry 

(5.1) (/ii,M2)*eA ^ {mD,7iE) = {D,E)®^^ 
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of C°°-hermitian line bundles on S. By Proposition 14.31 we next have a canonical 
isomorphism 

{fli,fl2)*Bx ^ {rriD + (t){mD),nE + (j){nE)) 
of line bundles on S extending the one in (I5.ip . As the isomorphism (j5.ll) is an isom- 
etry, we obtain the required result by observing that (p,i,il2)*B\ can be endowed 
with a continuous hermitian metric extending the canonical one on (^i, fi2)*Bx by 
Theorem 15. II The uniqueness statement from the theorem is clear. D 

6. Proof of Theorem 12.11 

We will now deduce Theorem l2 . 1 I from Theorem l2.2l We start with some straight- 
forward observations. Let £ be a holomorphic line bundle on S, and assume that 
we are given a locally finite analytic open cover {Ui}i£i of S, together with local 
holomorphic generating sections ai S C{Ui) for each i G I. Let fij S Og{Ui fl Uj) 
be such that ai — fijOj in C{Ui n C/j); we have the cocycle relations fijfjkfki ~ 1 
in each 0*s{U, DUj nUk)- 

Let C be an extension of >C as a holomorphic line bundle over S. Let s be a closed 
point of S. Then note that locally around s the extension C is given by specifiying 
an analytic open neighborhood U of s, together with functions fi in Og{Ui D U) 
for alH g / such that the additional cocycle relations fif^j^f7^ — 1 hold on triple 
intersections UiDUjCiU. Note that these data give rise to a holomorphic generating 
section a G jO,{U) locally around s such that di = fia in C{Ui CiU) ~ C{Ui n U) for 
all i e /. We write ai — ords(/i). 

Now assume that C is equipped with a continuous hermitian metric || • ||£. In 
particular this implies that ||a'i|J£: Ui — s- M is continuous and non- vanishing on Ui 
for each is/. 

Lemma 6.1. Assume that the metric \\ ■ \\c extends in a continuous fashion over C, 
and let t be a unijormiser on S at s. Then for all i ^ I we have that log ||(Ji||£(p) ~ 
ai\og\t{p)\ as p ^ s. Moreover we have Oi — oids{(Ti), where ai is seen as a 
meromorphic section of C. 

Proof. Note that as a is locally generating log \\(j\\c extends as a continuous non- 
vanishing function over U. Hence for all i £ I, we have that log |j/j^^cr,i||£ extends 
as a continuous non- vanishing function over U. Note that ||/~^cri||£ — |/i|^^||cri||£ 
on Ui, and that log \fi\{p) ^ Oi log \t{p)\ over Ui. It follows that log HcriH/; (p) ~ 
Ui log \t{p)\ as p — ?> s. Note finally that Oi = ords{(Ji) for alH e / from the relation 
<Ji = ficr- □ 

The proof of Theorem 12 . 1 1 follows essentially by observing that the Green's func- 
tions gjj [Ep] define the canonical metric on {D,E). 

Proof of Theorem \2.1\ By Theorem 12.21 the Deligne pairing {mD + (f>{mD),nE + 
4>(nE)) on S carries a continuous hermitian metric that extends the canonical 
hermitian metric || • || on {mD,nE) over S. Let V^ C S* be an analytic open 
subset containing a loop around s, such that the supports of D, E are disjoint over 
V. Then over V, the canonical meromorphic section (ImDi^nE) of {mD,nE) is 
generating. 

By equation (|4.3p we have for the canonical metric || • || on (mD,nE) that 
log II (ImD, Ikb) II {p) = drnDp [nEp] for each p in V. We are done by Lemma WW once 
we prove that when viewed as a meromorphic section of {mD+(f>{mD),nE+(j){nE)), 
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we have ords(lm_D, Ins) = {'mD,nE)!^,s. But the canonical nieromorphic section 
(lmD+0(mD), ^nE+4>(nE)) of {mD+(j){mD), nE+(j>{nE)) extends the canonical mero- 
morphic section (ImD, Infi) of (mD,nE) over S. This gives 

Ords{lmD, Infi) = Olds{lmD+(t>{mD) , lnB+0(nS)) 

= (mD + (j){mD),nE + (p{nE))s = {mD, nE)i,,s , 
and we are done. D 

7. NERON pairing AND GREEN'S FUNCTION ON THE REDUCTION GRAPH 

The purpose of this section is to relate the pairing (Z3,£')a.s to the Green's 
function on the reduction graph of the fiber F oi X at s. The material in this 
section is probably well known, and certainly implicit in |24) . but we have chosen 
to include proofs for results for which we do not know a suitable reference. 

Let r be a finite connected graph. Let Tq be the set of vertices and Ti the set of 
edges of F. Choose an orientation on F. This gives rise to the usual source and target 
maps s,t:Ti^ Tq. Let d* = t* - s* : Q^i -> Q^" and d* ^ t* ~ s* : Q^° -^ Q^i 
be the boundary and coboundary maps. The Laplacian L of F is defined to be the 
standard matrix of the composite d^d* : Q'^° — ?> Q'^" . The matrix L is symmetric, 
and independent of the choice of orientation. We call the elements of Q^° divisors 
on F. For a divisor V = ^^ acC we call ^(-, ac G Q the degree of T>. 

As F is connected, the kernel of L consists of the constant functions, and the 
image of L is the orthogonal complement of the constant functions, i.e. the set 
of divisors of degree zero. Let L~^ be the Moore-Penrose pseudo-inverse of L, i.e. 
the unique symmetric matrix of the same size as L satisfying the two conditions 
LL^L = L, L~^LL^ — L+. We view L+ as a bilinear pairing on the set Q^° of 
divisors. We call the Green's function on F the function gr '■ Tq x Tq ^ Q which 
associates to a pair of vertices (C, C") of F the rational number L'^{5c, <5c')- 

The following connection with electric network theory is useful. Thinking of each 
edge of F as a resistance of one unit, we may identify F with an electric circuit. Let 
/ G Q^" denote a degree-zero function which we think of as an electric flow through 
the circuit F that has /(C) units of current entering the circuit at a vertex C, if 
/(C) > 0, and —/(C) units of current leaving the circuit at C, if /(C) < 0. We look 
for a function P G Q'^° giving voltages that realize this flow. Such a function P is 
determined by the matrix equation LP = I, hence such a P exists, and is uniquely 
defined up to adding a constant function. A special solution is given by P = L"*"/. 
Indeed, we can write / = LI' for some /' G Q'^" as / has degree zero, and then 
LL+I = LL+LV = LI' = I. 

Next, for any two vertices C, C of F one has the effective resistance rr{C, C) G Q 
between C, C, defined as follows. Consider an electric flow that sends one unit of 
electric current into vertex C and removes one unit of electric current from vertex 
C. The effective resistance rr(C, C) between C,C' is then defined to be the 
potential difference between C and C that is required to realize this flow. In terms 
of the above, let / G Q'^" be the degree-zero divisor that has value -1-1 at C, — 1 at 
C, and else. Let P = L^I. Then we have the useful relation 
(7.1) 
rr(C, C) - PiC) - P{C') = I'P = PL+I = gr{C, C) - 2gr{C, C) + 5r(C', C) 

between the Green's function, on the one hand, and the effective resistance on the 
other. 
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By linearity we extend the effective resistance function as a bi-additive Q- valued 
pairing on Q'^" . More precisely, whenever V — J^i o-iCi and £ — J2j ^j^j ^^^ divi- 
sors on r, we write rriV, £) = J2i j 0'ibjrr{Ci, Cj). Analogously we put gr(2?, £) = 
J2^^J0.^b■jg^{Ci,Cj). 

Proposition 7.1. Assume both 'D,£ are degree-zero divisors on T. Then the for- 
mula 

gv{V,£) = -\rr{V,£). 

holds. 

Proof. It suffices by linearity to verify the case that P = Ci — C2, £^ = C( — C2, 
where Ci, C2, C[ and Cj are vertices of F. Then equation (I7.ip yields 

rv{Ci-C2,C[-C'^)=rr{Ci,C[)~rT{Ci,C'^)~rr[C2,C[) + rr{C2,C'^) 

and we are done. D 

Let g be a designated element of Q^". One then defines the canonical divisor of 
(r, q) to be the divisor K = EcgTo(«(<^) + 2'7(C) - 2)C of T. Here v{C) denotes 
the valence of C The genus of (F, q) is defined to be the integer 5 = 1 + ^ degii' — 
^(r) + X^c '?(^)' where 6(F) G Z denotes the Betti number of F. We say that q is 
a polarisation, and (F, q) a polarised graph, if g is non-negative. 

Next we view F as a connected topological space by identifying each edge with 
a closed interval. We call a subgraph F' of F a bridge if F' has precisely one 
edge e, and if upon removing the interior of e a non-connected space results. We 
call a subgraph F' of F a 2-connected component of F if for each point p on F', 
the topological space F' \ {p} is connected. We can write F as a successive finite 
pointed sum of subgraphs F,; such that each F^ is either a bridge or a 2-connected 
component of F. 

Assume we are given such a finite pointed sum, then for each i we have a natural 
projection map tt^ : F — )> F^. The pushforward tt^* along tt^ of divisors is well- 
defined, and preserves degrees. In particular, if (T,q) is a polarised graph, we 
naturally obtain polarised graphs (Ti,qi) with canonical divisors Ki. Each (Fi,(j,j) 
has the same genus as (F,q). 

We have the following additivity property, which often proves useful in compu- 
tations. 

Proposition 7.2. Write F = ^^ F^ as the successive pointed sum of its bridges and 
2-connected components. Let gr^ denote the Green's function on the subgraph F^. 
Assume 'D,£ are divisors of degree zero on F. Write T>i — 7ri*(I?) and £i = 7ri*(f). 
Then the equality 

g^{V,£)=Y,9^,{■D^,£^) 

i 

holds in Q. 

Proof. By Proposition l7. H it suffices to prove that rr(C, C") = ^^ rr^ {'Ki{C), -KiiC')) 
for vertices C, C of F. This can be deduced by induction on the number of bridges 
and 2-connected components F^ from the following property, which follows easily 
from the interpretation of F as an electric circuit: let C, C", C" be vertices of F, let 
F',F" be subgraphs such that F is the pointed sum of F',F" along C = F' n F". 
Assume C" e F' and C" e F". Then rr(C", C") = rp' (C, C") + rp" (C, C"). □ 
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The following result will be crucial for Hain's conjecture. 

Proposition 7.3. When viewed as a symmetric bilinear pairing on the set of divi- 
sors of degree zero on T, the Green's function gp is positive definite. 

Proof As r is connected, the Laplacian L is positive semi-definite with signature 
(0 + • ■ • +). Write L = UT^U^^ with S a diagonal matrix. Then it is easily verified 
that L+ = C/E+C/"^, with S+ the Moore-Penrose pseudo-inverse of S. Note that 
S+ can be obtained from S by replacing each non-zero diagonal entry by its recip- 
rocal. It follows that L+ has the same signature as L. As the constant divisors are 
isotropic for L+, we find the required result. D 

Now consider a proper flat morphism X — > 5 with connected fibers of dimension 
one as before, with S a smooth proper complex curve, and X regular. We continue 
to assume that the fibers of the morphism X — > 5* are reduced and have only 
ordinary double points as singularities. Let s be a closed point of S, and write F 
for the fiber of X — > S* at s. The reduction graph F of F is then the finite graph 
given as follows: the set of vertices is the set of irreducible components of F, and 
an edge is drawn between two (possibly equal) vertices Ci , C2 for each time the 
components Ci,C2 intersect in a double point. The graph F is connected since F 
is connected. The Laplacian matrix of F is equal to minus the intersection matrix 
{{Ci,Cj)s) of F. Associating to each vertex C the arithmetic genus of C gives a 
polarisation q onT. 

Using the local intersection pairing above s, if D, E are divisors on X we obtain 
divisors T) = X^c^-^'^)^^ ^'^'^ ^ ~ X]c(^'^)«^ '^'^ ^' called the reductions of 
D,E on F, respectively. In particular, let R be the relative dualising sheaf of 
AT — > S", then by the adjunction formula the reduction of i? on F is equal to the 
canonical divisor K associated to the polarisation q. Recall that 4){D) is any Q- 
divisor on X such that D + (/)(D) has zero intersection product with all components 
of the fibers of A — )• 5. 

We have the following connection with the Green's function on F. 

Proposition 7.4. Assume both D, E are divisors of relative degree zero on X / S, 
and consider their reductions T> ~ "Ylic^^^ C) gC and £ ~ "Ylic^^^ C) sC on F. Then 
the equality 

gr{V,£)^-{c^{D),(f>{E)), 
holds in Q. 

Proof. Recall that L equals minus the intersection matrix of F. We find that when 
viewing both the reduction V oi D and (j){D) as elements of Q"^" we have the 
matrix equation L ■ 4'{D) = —V. We can thus take (f>{D) = —L^V and likewise 
(j){E) = -L+£. Hence 

-{(t>{D), (j){E))s = (j){DY L(j){E) = V*L+LL+£ = V*L+£ = gr{V, £) , 

as required. D 

Corollary 7.5. Assume both D,E are divisors of relative degree zero on X, and 
write V = X]c(^' ^) sC and £ = '^(j{E, C) gC for their reductions on F. Then the 
equality 

{D,E)a,s^{D,E)s+gr{V,£) 
holds in Q. 
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Proof. This follows from the previous proposition by observing that 

where the latter equality holds because {E + (p{E), (p{D))s =0. D 

Assume finally that X — >■ S* is endowed with n disjoint sections xi, . . . , a;„ : S* — > 
X. Let / = {a;i,X2, . . . ,x„}. We have a natural map m: / ^ Tq by associating 
to each Xi ^ I the unique irreducible component C oi F such that Xi intersects C 
non-trivially. Let e a bridge of F. Upon removing the interior of e we obtain two 
connected graphs ri,r2 out of T, which we consider with their induced polarisa- 
tions. Let h with < h < g he the genus of Fi; by additivity we have that g — h is 
the genus of F2. Let P C / be a subset, and write P'^ = I \P. We say that e is of 
type {P, h) if u{P) is contained in the vertex set of Fi, and u{P'^) is contained in 
the vertex set of F2. Note that a bridge of type (P, h) is also of type {P'^,g — h). 

8. Proof of Theorem 12.41 

Let g > 2, n > 1 be integers, and let d = {di, . . . , dn), m be an n-tuple of integers 
resp. an integer such that J^i ^i = (2(7 — 2)771. Let Y = Aig^n be the moduli space of 
smooth proper connected 7i-pointed complex curves of genus g, and let Y — Mg^n 
denote its Deligne-Mumford compactification. Let Z ^ Y resp. Z —^ Y he the 
corresponding universal curves. We view each of Y^ Z, Y , Z as orbifolds. 

Note that Z ~^Y comes equipped with an 77-tuple (a;i, . . . , Xn) of sections, whose 
images [xi] in Z can be viewed as divisors on Z . Let 'jJ-^/y be the relative dualising 
sheaf of Z — >■ y, and let i? be a divisor on Z such that 0-g{R) is isomorphic to 
OJ^IY- ^^ then define D to be the divisor ^^ di[xi\ — mR on Z. We have a well 
defined Deligne pairing {D,D) on Y. 

Let J'g^n be the puUback of the universal jacobian over A4g to Y. Let B be the 
Poincare line bundle on the fiber product J'g^„ Xy Jg,n, where J7g,„ denotes the 
dual torus fibration. We are interested in the normal function section 

Fd-.Y^ Jg^„ , [C,{xi,..., Xn)] ^ [Jac(C), ^ di[xi] - mKc] , 

i 

where Kc is the class of a canonical divisor on C. Note that the Abel- Jacobi class 
of the restriction of D to the fiber oi Z ^ Y over a point [C, {xi, . . . , x„)] and the 
image of [C, (xi, . . . , x„)] in Jg^n under the normal function section _Fd, are equal. 
Let A: J7g,n — > Jg,n denote the canonical principal polarization, and let B denote 
the C°°-hermitian line bundle (id, A)*S on Jg^n- Theorem 14.21 immediatelv gives 
the following. 

Proposition 8.1. Let {D^D) he the restriction to Y 0/ the Deligne pairing of D 
with itself. Then there exists an isometry 

{D,D)®-^ ^F^B 

of C°° -hermitian line bundles on Y. 

Now let S denote a smooth connected complex curve with smooth compactifi- 
cation S, and consider a morphism / : S" — > F such that the restriction f oi f to S 
has image contained in Y. Let {X — >■ S, (cci, . . . , Xn)) resp. {X -^ S, (xi, . . . , Xn)) 
he families of pointed smooth resp. pointed semistable curves of genus g with clas- 
sifying morphisms / resp. /. We will assume that X is smooth over C and extends 
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X . By puUback along / we have a natural divisor D oti X compatible with the one 
on Z defined above, as well as a Deligne pairing {D,D) on S compatible with the 
puUback along / of the Deligne pairing {D,D) on Y. 

Write C for the C°°-hermitian line bundle F^B on Y. Our aim is to compare 
the Lear extension of f*C from 5* over S with the pullback of the Lear extension 
of C from Y over Y. We start with the former. We always neglect the possibility 
that taking tensor powers is necessary. 

Proposition 8.2. Let 4>{D) be a Q-divisor on X such that D + (j){D) has zero inter- 
section product with each irreducible component of every fiber of X ^^ S . Then the 
Lear extension of f* C from S over S is isomorphic with {D + (j){D),D -\-(J3{D))®~^ . 

Proof. It follows from Proposition IS . H and compatibility with pullback along f : S ^ 
Y that we have an isometry f*C —>■ {D, _D)®^^ of hermitian line bundles on S. The 
Lear extension is (neglecting the possiblility of needing to take tensor powers) the 
unique extension of f*C as a continuous hermitian line bundle over S. By Theorem 
OtheLear extension of/*/: is thus isomorphic to {D + (j){D), D + (j}{D))®-^ . D 

From Corollary 17.51 we then obtain 

Corollary 8.3. For each closed point s Cz S let Ts be the reduction graph of the fiber 
of X ^f S at s, and let V^ be the reduction of D to Ts- Write Os = gr^(T>s,T^s)- 
Then the class in Pic(S') of the Lear extension of f* C from S over S is equal to the 
class of —{D,D) — J2s ^sS- 

The Lear extension of C from Y over Y is calculated in jTB] Theorem 11.5]. We 
present here an alternative approach. We start with recalling the structure of the 
boundary divisor A of Y, see e.g. [El Section 9] whose notation we adopt. Each 
irreducible component of A has as generic point a stable n-pointed curve of genus 
g with precisely one node. This leads to the following boundary components: 

• Aq: the generic point is an irreducible geometrically connected n-pointed 
stable curve with precisely one node; 

• Aq , with P a subset of the set / — {xi, . . . ,x„} of marked points with 
\P\ > 2: the generic point is a reducible stable curve with two geometrically 
connected components joined at a node, one of which has genus zero; the 
points in P lie on the genus zero component minus the node, and the points 
in P'^ = I \ P lie on the other (genus g) component minus the node; 

• A^, where 1 < h < g — 1 and P C / is a (possibly empty) subset of /: the 
generic point is a reducible stable curve with two geometrically connected 
components joined at a node, one of genus h, the other of genus g — h; the 
points in P lie on the genus h component minus the node, and the points 
in P'^ lie on the genus g — h component minus the node. 

We denote by So, 6q, S^ the corresponding classes in Pic(F). Note that Sj^ = ^g-h- 
Let {R,R) on Y be the Deligne pairing of R with itself, and {[xi],R) the Deligne 
pairing between [xi] and R. Then by |3i Theorem 2] the group Pic(y) is generated 
by the classes of 

{R,R), (N,i?)(*e/), ,5o, <5o^(PC/,|P|>2), S^{l<h<g/2,PCI), 

with no linear relations between the ds. 
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Consider a graph F consisting of two vertices Ci , C2 , connected by one edge of 
unit length. Let gr denote its Green's function. First, let P C / be a subset with 
\P\ > 2. Write 

V^{d) = {m + Y, d^)Cl + (-(2.g - l)m + ^ d,)C2 , 
ieP ieP" 

and define a{P, d) = gr{T>Q{d), P,f (cf)). Next, let P C / be an arbitrary subset and 
h an integer with 1 < h < g ^ 1. Then write 

Vj^id) = {-{2h - l)m + Y, d^Ci + (-(2(g - h) - l)m + Y, d^)C2 , 

ieP ieP" 

and put a{P, h, d) — gY{T>^ {d) ,V^ {d)) . A straightforward calculation (see also Sec- 
tion |9] below) shows that a{P,d) and a{P,h,d) are in fact integers. Note moreover 
that a(P, h, d) = aiP", g~h,d). 

Proposition 8.4. Let Ly denote the Lear extension of C from Y = Mg,n over 
Y — M-g^n- Then the equality 



1 ^ 
Cy = -{D,D)- Y. a{P,d)5^--YY''^P^^^'^)^^ 



9-1 

h 



2 

PC/,|P|>2 h=l PCI 

holds in Pic(A^g.„). 

Proof. As Cy and {D, _D)®~^ coincide over Y by Proposition lS-H there exist unique 
rational numbers a(0, d), a{P, d) and a(P, h, d) such that the identity 

Cy = -{D,D)~a{0,d)do- Y «(P,d)5o''-2EE"(^''^'^)'^^ 

PCI,\P\>2 h=lPCI 

holds in Pic(y). Our task is to show that a{0,d) = 0, a{P,d) — a{P,d) and 
a{P, h,d) — a{P, h,d). We do this using the method of test curves. Let A, be an 
irreducible component of the boundary divisor A of Y. Then the singular locus of 
A, is given by the set of classes of stable curves in A, with at least two nodes. 
Let 5 be a smooth connected complex curve with smooth compactification S and 
let / : S —>■ Y he a, test curve such that the generic point of S maps to Y, and the 
image intersects the boundary divisor A transversely in a non-singular point of A,. 
Consider first the case that A, 7^ Ao- Let —a be the coefficient of the class of 
A, in Cy'^ {D,D). Let / be the restriction of / to S. As the image of / does 
not intersect the singular locus of A, the Lear extension of /*£ equals the pullback 
/ (Cy) of the Lear extension of C over Y. Let F be the reduction graph of the 
stable curve /(s) and let V be the reduction of D to F. By Corollarv 18.31 we find 
locally around s that 

O^i-as) = Os{~aTA,)=TCy(^{D,D) - if*C)^(g>{D,D) = 0^{-gr{V,V)s) 

hence a = gY{'D,T>). Now F consists of two vertices Ci,C2 joined by one edge. 
Moreover if A, = A^ resp. A, = A^ the reduction of the divisor V on F precisely 
coincides with the divisor T>q resp. 2?^ on F. Hence we find 

a{P, d) = 5r«, O - a{P, d) and a{P, h, d) = gr{V^ .V^) = a(P, h, d) . 

It remains to show that a(0, d) = 0. In the case A, = Ag, the generic point of A, 
is an irreducible n-pointed curve with one node (with neither of the marked points 
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passing through the node). The reduction graph F has one vertex, and one edge, 
and the reduction 2? of I? to F is the empty divisor. We find q;(0, d) — gri'D, V) = 
as required. D 



Proof of Theorem \2.4\ As in the theorem let S denote a smooth connected complex 
curve with smooth compactification S', let / : 5* — )■ K be a morphism such that the 
restriction f oi f to S has image contained in Y, and let X —>■ S and X ^>- S he 
families of smooth resp. semistable curves of genus g with classifying morphisms / 
resp. /. We assume that X is smooth over C and extends X. 

Let J be the jumping divisor on 5" with respect to /: 5 — > •^g,n and Fd, that is 
we have 

0^{J)^TCy(E>{f*C)§~K 

Write J — J2JsS with js G Q; note that we have js ~ for each s G S. Our aim is 
to prove that js > for each s G S. 

Fix a closed point s G S. Let F be the reduction graph of the fiber oi X ^ S 
at s, and let V be the reduction of D to F. Recall that F is naturally a polarised 
graph of genus g. Write a = gr{V,V). Let i^ (for PCI with \P\ > 2) denote the 
number of edges of type (0, P) in F, and let £^ (for I < h < g~l and PCI) denote 
the number of edges of type (/i, P) in F. The geometric meaning of these numbers 
is that the local multiplicity at s of / (A^ equals ^^, and the local multiplicity 

T3l and Proposition 18.41 we find 



at s of 
that js 


r(AD 

equals 


equals l^. By combining ' 


Core 




js 


PC/,|P|>2 





JEE«(^''^'^)^^ 



= 1PCI 

We need to show, therefore, that the inequality 

PCI,\P\>2 h=l P<ZI 

holds. We use the additivity relation from Proposition 17.21 Write F = J2i Tj as 
the pointed sum of its bridges and 2-connected components. We view each F^ as a 
polarised graph with the polarisation induced from F. Let gr^ denote the Green's 
function on the subgraph F^. Let tt: F — > Fj denote the natural projection map. 
For each i write 2?i = ■Ki^,[T>). 

Assume first of all that F^ is a bridge. Then F^ is an edge of F, of some type 
(0,P) or {h,P). Let Ci,C2 be the vertices of F,. Assume that the type is (0,P), 
and that Ci has genus zero. Then T>i equals the divisor called V^ld) above. We 
find that the equality g-CiiVi^Vi) = a{P,d) holds. Assume that the type is {h,P), 
and that Ci has genus h, then Vi equals the divisor called T>f^{d) above. Hence we 
have gvi (2?i, Vi) = a{P, h, d). 

Next assume that F,; is a 2-connected component of F. By Corollarv l7.3l we have 
that gr.(2?i,2?j) > 0. 
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Recall that the number of bridges in F of type (0, P) is £q , and the number of 
bridges in F of type {h,P) is £f^. Using Proposition 17.21 we obtain 

a = 5r(2?,2?)=^5r.(2?„P.) 

i 



9-1 
PC/,|P|>2 h=l PCI 



as required. D 



Remark 8.1. The proof of Theorem 12.41 above yields the additional information 
that there is no height jumping for morphisms 5* -^ -Mg.n such that the image is 
contained in Aig^n \ Aq"^. For morphisms S -> ■M-g.n with image contained in 
Aig.n \ Aq this can alternatively be deduced from the fact that the variation of 
polarised Hodge structure that gives rise to Jg,„ and the normal function sections 
Fd extend naturally over Aig^n \ Aq, the moduli space of stable curves of compact 
type, cf. [m Section 5]. 

9. Explicit formula 

It is straightforward to compute the numbers a{P, d) and a{P, h, d) and thus to 
write down the Lear extension of C from Aig^n over Aig^n explicitly. Applying 
Proposition 17. II we find 



a{P,d) = {m + Yd,f , a{P,h,d) = {-{2h - l)m + "Yd,)^ . 

i£P ieP 

The formula in Theorem 18.41 becomes 

PC/,|P|>2 ieP h=lPCI i£P 

We can make the Deligne pairing {D, D) explicit as follows. We have 

{D,D) = (E di [xi] - rnR, E d-i [x^] - niR) , 

i i 

which gives 

{D, D)=Y^ d^dJ{[x,], [x,]) - 2mY,M[X'^],R) + m^{R, R) ■ 

Noting that {[xi], [xj]) is trivial lii ^ j, and {[xi], [xi]) — —{[xi], R) by the adjunc- 
tion formula, we obtain 

{D,D) = ~J2(dt+'2md^){[x^],R)+m^{R,R) . 

i 

This leads to 

Cy=- m^{R, R) + Y^idf + 2md,){[x,lR) 

i 

- E (-+E^')'^o^-^EE(-(2/^-l)-+E^«)''5^ 

pc/,|p|>2 ieP /i=iPC7 ieP 
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Let Ki be the puUback to Y of the K-class on Mg. For each i e / denote by 
Pi'. Y -^ A4g_i the projection keeping the z-th marked point, and let ipi denote the 
pullback along pi of the V'-class on Aig^i- By the Noether formula and the remarks 
on [21 p. 161] these classes are related to our earlier {R,R) and {[xi],R) via the 
relations 

{R, R)^K,- Y, < - ii^'^lR) = ^« + E ^0- 

P|>2 P3i.\P\>2 

We end up with the identity 

i 

1 ^"' 

P<ZI {xj,Xk}(lP,j^k h=lPCI ieP 

in Pic(A4g_„). This gives an alternative proof of [THl Theorem 11.5]. 
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